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I. ABSTRACT
A new class of exact solutions of the bound Dirac and
bound Klein Gordon equations in non co propagating plane
waves is found. The solutions are based on the physical prin-
ciple of maintaining local gauge invariance in the Furry pic-
ture Lagrangian when N external fields can undergo indepen-
dent gauge transformations. The solutions can be expressed
in terms of the Hamilton Jacobi action and a gauge invari-
ant effective particle momentum in the ensemble of external
fields. Rotations of the effective particle momentum, which
preserve local gauge invariance, are introduced into the action
using matrix calculus. The set of such rotations provides the
class of new solutions constituting a family of Volkov like so-
lutions for one external field. When applied to two or more
non co propagating external fields, the rotational symmetry
provides counter terms which decouple the fields. The bound
state equations of motion become solvable for any number
of non co propagating external fields. Through angular spec-
tral decomposition, which represents electromagnetic fields
of any form as a spatial Fourier series of non co propagating
plane waves, the new solutions described here can be applied
to strong field physics problems in any external electromag-
netic field.
II. INTRODUCTION
Particle physics interactions that occur in the presence
of ultra intense electromagnetic fields, present a range of
novel phenomena that give new insights into the quantum
vacuum [1–3]. Experiments designed to study such strong
field effects, often take place with a strong field provided by
an intense laser. The calculation of strong field transition
probabilities proceeds with certain assumptions about the
structure of the laser field.
The most common assumption is that the laser field can be
represented by a non depletable, plane wave electromagnetic
field. Then, the field can be considered classical and be
included in the strong field QED Lagrangian using the semi
classical Furry picture [4–7]. The Furry picture results in the
minimally coupled bound Dirac field and associated equation
of motion. Exact solutions of the bound Dirac, as well as the
bound Klein Gordon equations are an essential part of any
strong field physics calculation.
The Volkov solution of the minimally coupled Dirac
equation in a single plane wave is a long standing result
[8]. Various attempts have been made to extend the Volkov
solution to other plane wave combinations, with [9] providing
a solution for an external field consisting of two polarised
plane electromagnetic waves. [10, 11] considered a relativis-
tic electron interacting with a co propagating quantised and
classical plane wave, while a fully quantised field can be
treated by use of coherent states [12, 13].
Solutions of the bound Dirac equation exist also for
Coulomb fields, longitudinal fields, pulsed fields, and fields
of colliding charge bunches [14–23]. [24] created a class of
solutions for charged particles travelling in a medium, and
pair creating electric fields were considered by [25]. Real
laser pulses are strongly focussed as well as pulsed. The
associated electromagnetic fields are complicated and there
have been attempts to take them into account [26–28].
Exact solutions in two plane waves are most easily obtained
when they are co propagating. In that case, starting from a
Volkov ansatz, the differential equations are separable and
remain first order. The resultant solution is a simple function
of Volkov actions for each of the component fields [29–32].
Solutions in two non co propagating fields, however, have
been problematic except in some special cases. The intense,
constant crossed fields associated with ultra relativistic
charge bunches approaching collision, are nominally non co
propagating. However in this case, Lorentz transformations
allow the reappearance of co propagation [18].
In the anti co propagating case (head on propagation of
the two fields) which can always be obtained from non co
propagating fields via Lorentz transformations, the differen-
tial equations appear to include coupled terms. This coupling
between the two fields inhibits separability, leading to second
order differential equations whose solutions, where they exist,
contain specific analytic functions. Under special conditions,
for the Klein Gordon equation, these are Mathieu functions
which display non physical parameter regions [33].
In this paper, by contrast, an alternative solution of the
bound Dirac and bound Klein Gordon equations for the case
of two anti co propagating plane wave fields, with no other
pre conditions, is provided. The methodology developed
to achieve this will prove robust enough to also solve the
general case of an infinite series of non co propagating plane
wave fields. This infinite series of plane waves, promises
application to a general electromagnetic field using principles
of Fourier optics [34].
Whereas Huygens and Fresnel analysed a field in terms
of spherical waves emitted from sources on the wave front,
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2the angular spectral representation decomposes any field into
a spatial Fourier series of plane waves [35]. Focussed laser
fields in particular can be represented using such a technique
[36]. The general solution provided in this paper, in terms
of just such a series of non co propagating plane waves,
should therefore be applicable to theoretical calculations for
strong field physics processes in all realistic external fields of
interest.
The way to proceed in this paper is indicated by an earlier
work on the calculation of Furry picture transition probabil-
ities using Fierz relations. When an alternative form of the
Volkov solutions can be cast into an alternative form, written
in terms of the effective particle momentum Πpx, arising from
the Hamilton Jacobi action and the external field 4-potential.
When the alternative form of the Volkov solution is used, the
analytic form of the transition probabilities became much
simpler [37].
A closer examination of the effective strong field particle
momentum, Πpx reveals that it is a gauge invariant function
with respect to the external field. This suggests a closer ex-
amination of the symmetries of the Furry picture Lagrangian,
and that is indeed the starting point of this paper.
So, this paper intends to do the following: Local gauge
invariance of the Furry picture Lagrangian will be examined
with the aim of understanding the structure of the Volkov
solution. In this way, the underlying physical role of the
effective particle momentum in external fields will become
clear. The class of exact solutions will be extended by
allowing for rotations of the effective particle momentum.
The methodology that extends the class of solutions for
one external field, will then be applied to the case of two non
co propagating fields. The rotational symmetry allowed for
the effective particle momentum, will provide the freedom
to introduce counter terms into the solution ansatz. This
will allow the removal of coupled terms and will provide
the desired solution. Mathematically, the action in the new
solution class will be reformulated using matrix calculus
techniques.
In terms of conventions, a standard metric is adopted, nat-
ural units will be utilized, and the Lorenz gauge will be em-
ployed. The Lorenz gauge requires scalar products of the ex-
ternal field 4-momentum and 4-potential to vanish, k.Ae = 0.
This condition can obviously be extended, when Ae is a series
of component fields
metric: gµν = (1,−1,−1,−1)
units: c = ~ = 4pi0 = 1, e =
√
α (1)
gauge: ∂Ae(k ·x) = 0 =⇒ k ·Ae = 0
∂
∑
i
Aeix(k ·x) = 0 =⇒
∑
i
ki ·Aex = 0
To ease the notation, the charge e, accompanying the
4-potential will be implicitly assumed. So, the exter-
nal field with 4-vector k, will be represented implicitly
by Aex ≡ eAe(k · x). This paper deals with N external
fields, whose 4-momenta are distinguished by subscripts
k1, k2, .., kN.. Where it is necessary to discuss components
of these 4-vectors, they will be denoted as superscripts,
k1 ≡ (k01, k11, k21, k31).
Again to ease the notation, only positive energy solutions
are written, though the analysis also delivers the negative en-
ergy solutions.
III. LOCAL GAUGE INVARIANCE IN THE FURRY
PICTURE
The stipulation of local gauge invariance in the QED La-
grangian, requires the Dirac field to couple to a massless
gauge field Aµ whose gauge transformations cancel with
those of the derivative of the Dirac field. The cancellation
is achieved with the covariant derivative D = i∂ − Ax. Ne-
glecting the Maxwell part,
L = ψ¯(i/∂ − /Ax −m)ψ, ψ→e−iαψ, Ax→Ax + ∂α (2)
The Furry picture, in contrast, accommodates an external
gauge field Aex, as well as the vacuum gauge field Ax. Lo-
cal gauge invariance then requires a cancellation from three
independent gauge transformations: those of the two gauge
fields as well as the external field dependent, bound Dirac field
ψFP(Aex),
invariant LFP = ψ¯FP (i/∂ − /Aex −m)ψFP − ψ¯FP /AψFP
under Ax → Ax + ∂µα, Aex → Aex + ∂αe (3)
ψFP(Aex)→ e−iαψFP(Aex + ∂αe)
Since gauge transformations of the vacuum gauge field and
bound Dirac field cancel each other, gauge transformations of
the external field must vanish amongst themselves. The neces-
sary behaviour can be made apparent by considering the well
known Volkov solution [3], which proceeds from the Furry
picture, for the bound Dirac equation with a single plane wave
electromagnetic field (from now on the Furry picture will be
assumed implicitly),
ψprx =
[
1− /A
e
x/k
2k · p
]
upr e
−i
p·x+∫ k·x 2Aeξ · p−Ae 2ξ
2k·p dξ

(4)
The covariant derivative of the Volkov solution returns a
gauge invariant canonical momentum (GICM), Πpx which sat-
isfies the requirements of local gauge invariance
/Dψprx = /Πpxψprx, D ≡ i∂ −Aex
Πpx = p−Aex + k 2A
e
x ·p−Ae 2x
2k·p (5)
In the next section, the GICM will be considered as a funda-
mental 4-vector, in constructing solutions of the bound Dirac
equation for one plane wave field.
3IV. ALTERNATIVE FORM FOR THE VOLKOV
SOLUTION
The usual strategy for constructing solutions of the bound
Dirac equation is outlined in section 32 of [38]. Here, a mod-
ified procedure for one external field Aex with 4-momentum k
is described, such that the role of the GICM is explicit.
The second order bound Dirac equation is formed by oper-
ating on the first order bound Dirac equation with a conjugate
operator, which in turn operates on the solution Φpx
( /D +m)( /D −m)Φpx =
(
D2 −m2 − i /k /Aex
′)
Φpx = 0
where D = i∂ −Aex, /Aex
′ ≡ d /A
e
x
d(k·x) (6)
The scalar part of the above equation, which coincides with
the Hamilton Jacobi equation, is solved in order the obtain the
action. The GICM, Πpx appears as the covariant derivative of
the classical action,
(D2−m2) e−iSpx = (Π2px−m2) e−iSpx = 0 (7)
Spx = p·x+
∫ k·x 2Aeξ ·p−Ae2ξ
2k·p dξ, De
−iSpx = Πpx e−iSpx
The GICM has several useful properties in addition to its
gauge invariance. The magnitude of the GICM lies on the
free mass shell, the scalar product with it’s space-time deriva-
tive vanishes, as does the doubled slashed derivative written
in exponential form,
Π2px = m
2, ∂ ·Πpx = 0, /∂ /Πpx e
−
∫ k·x /∂ /Πpξ
2k·Πpξ dξ = 0 (8)
The slashed derivative of the GICM returns the spinor part
of the second order bound Dirac equation so that the positive
energy solution can be written,
Φpx = e
−iSpx−
∫ k·x /∂ /Πpξ
2k·Πpξ dξ ≡ e
−iSpx+
/k /A
e
x
2k·Πpx (9)
According to the procedure of [38], the solution to the first
order bound Dirac equation, ψprx is then obtained by operating
with the slashed covariant derivative on Φpx. A four compo-
nent spinor u0r for a fermion of spin r at rest, is also included
in order to recover the free fermion solution when the external
field is not present,
ψprx = ( /D +m)Φpx u0r
=
[
/Πpx +m
]
e
−iSpx+
/k /A
e
x
2k·Πpx u0r (10)
→ [/p+m]u0r e−ip·x = upr e−ip·x as |Aex| → 0
This so called alternative form for the Volkov solution,
which proves useful for the efficient calculation of Furry pic-
ture transition probabilities [37] can be transformed into the
standard Volkov form by manipulating the spinor,
[
/Πpx +m
]
e
/k /A
e
x
2k·Πpx u0r =
[
/Πpx +m
] [
1 +
/k /A
e
x
2k·p
]
u0r
=
[
1 +
/k /A
e
x
2k·p
] [
/p+m
]
u0r =
[
1 +
/k /A
e
x
2k·p
]
upr
=
[
/Πpx +m
] /k
2k·pupr (11)
The purpose of deriving the Volkov solution in this way
was to establish a procedure to obtain the solution expressed
in terms of the GICM, Πpx. The GICM preserves local gauge
invariance and is the effective particle momentum for charged
particles within strong external fields. By finding opera-
tions which preserve the properties of Πpx, a whole family
of Volkov like solutions can be found.
V. FAMILIES OF VOLKOV-LIKE SOLUTIONS
Now, a procedure for finding families of solutions for the
case of one external plane wave field will be developed. The
gauge invariance of the GICM Πpx will be considered essen-
tial to it’s physical role. Extensions to the GICM, obtained
by including extra terms which preserve it’s properties, will
be sought. This will be the ansatz by which a new class
of solutions to the bound Dirac and bound Klein Gordon
equation will be found.
The desired extension to a family of GICMs in one external
field Π1Fpx , include an extra term consisting of a 4 vector n and
function f of the scalar product k ·x. Requiring this family of
GICMs to remain on the mass shell and to vanish when dotted
with the derivative operator, is sufficient to determine the form
of n and f ,
Π1Fpx = pipx + nf(k ·x), pipx ≡ p+ σpx (12)
σpx ≡ kΩpx −Aex, Ωpx = k 2A
e
x ·p−Ae2x
2k·p
Π1F 2px =m
2, ∂ ·Π1Fpxµ=0 =⇒ n·k=0, f=
[
0,−2n·pipx
n2
]
These conditions restrict the 4-vector n to being orthogonal
to the external field 4-momentum k. The function of scalar
products f , is a set depending on the remaining freedom
for the choice of n. The null member f = 0 is simply the
GICM without the additional term, i.e. it corresponds to the
Volkov solution. The second part of the set f = − 2n·pipxn2 ,
together with the 4-vector n constitutes the bulk of the family
of GICMs. Since f is a function of the gauge invariant part of
the GICM σpx, gauge invariance is maintained.
Next, the family of GICMs should appear when the covari-
ant derivative operator in the bound Dirac and Klein Gordon
equations operates on them. So, the action has also to be ex-
tended to a family of actions,
De−iS
1F
px = Π1Fpx e
−iSpx (13)
The family of actions S1Fpx has to deliver the term nf(k ·x).
In order to do this, a mathematical application from matrix
4calculus can be employed (see appendix A). A rotation matrix
R and its inverse R−1 can be applied to a scalar product, if
it is decomposed into basis vectors ei and vector components
ni, ki, xi. The ˜ notation is used to denote the decomposition
R n˜·x ≡ k ·x, R -1k˜ ·x ≡ n·x (14)
n˜·x ≡
4∑
i=1
einixi, ei =

100
0
 ,
010
0
 ,
001
0
 ,
000
1


The rotation matrix is deployed in the family of actions,
requiring an integration consisting of matrix limits, matrix in-
tegrand and matrix measure [39, 40], and the required result
is obtained,
S1Fpx = p·x+
∫ k·x
Ωpξ dξ +
∫ n˜·x
f(Rξ˜) dξ˜ (15)
Π1Fpx = p−Aex + kΩpx + nf(k ·x)
The rotation is permitted in the action as long as none
of the theory’s invariance principles are violated. The
action continues to satisfy the equations of motion for a
fermion embedded in an external field Ae with a particular
4-momentum k. This rotation R, should not be confused
with a Lorentz transformation since it does not apply to the
coordinate system in general.
The family of actions is sufficient to write down a family
of solutions φ1Fpx for the bound Klein Gordon equation. For the
bound Dirac equation, an additional spinor is required. For the
Volkov solutions, the product of the GCIM and the additional
spinor vanishes when operated on by the slashed derivative
due to the properties of the GICM. This property also holds
for the family of GICMs
i/∂x /Π
1F
px e
−
∫ k·x /∂ξ /Π1Fpξ
2k·Π1Fpξ
dξ
= 0 (16)
So, a family of solutions φ1Fpx , ψ
1F
prx for both the bound Klein
Gordon and bound Dirac equations can be written in terms of
the family of GICMs,
(D2 −m2)φ1Fpx = 0, ( /D −m)ψ1Fprx = 0 (17)
φ1Fpx = e
−iS1Fpx , ψ1Fprx =
[
/Π
1F
px +m
]
e
−iS1Fpx −
∫ k·x /∂ξ /Π1Fpξ
2k·Π1Fpξ
dξ
u0r
To elucidate what has been done in this section, a particular
example is given. A simple configuration where an electron p
collides head-on with a circularly polarised external electro-
magnetic field Aex, k ≡ (w, 0, 0, w), is considered. Choosing
for the family of solutions a space-like unit 4-vector n, the 3-
vector part of n must lie in the plane defined by the external
field 3-potential,
p ≡ (εp, 0, 0, p3), Aex ≡ (0, |Ae| cos k ·x, |Ae| sin k ·x, 0),
k ≡ (w, 0, 0, w), nµ ≡ (0, ~n⊥, 0), |~n⊥| = 1, n2 = −1
(18)
With such an arrangement, several of the scalar products
vanish and the analytic expressions simplify. There still
remains a subset of the family of solutions, given by the
freedom for the vector ~n⊥ to rotate azimuthally around the
z-axis, within the plane defined by the 3-potential.
The explicit form of the rotation Rξ˜ is introduced via the
matrix calculus relations of Appendix A, and the family of
Volkov-like actions, associated GICMs and additional spinor
are,
S1Fpx = p·x−
∫ k·x Ae 2ξ
2k·p dξ − 2
∫ n˜·x
n·Ae
Rξ˜
dξ˜
Π1Fpx = p−Aex − k A
e 2
x
2k·p − n 2n·A
e
x (19)
/∂ξ /Π
1F
pξ
2k·Π1Fpξ
=
/k
(
/A
′
ξ − /n 2n·A′ξ
)
2k·p
This methodology employed to produce the family of solu-
tions, can be used for more complicated external field com-
binations. For two or more non co directional external fields,
traditional methods lead to coupled terms which are difficult
to handle. However, now there is flexibility to look within
the set of rotated solutions for additional terms that provide
decoupling.
VI. DIRAC AND KLEIN GORDON EQUATION
SOLUTIONS IN NON CO DIRECTIONAL EXTERNAL
PLANEWAVE FIELDS
Solutions to the bound Dirac and bound Klein Gordon
equations are now sought for a sum of non propagating plane
waves. Such a sum can serve as a Fourier decomposition
which can be used to model any form of phase front by the
technique of Fourier optics [34]. The external field 4-potential
is written as a sum of terms,
Aex =
N∑
i=1
Aeix(ki ·x), k2i = 0, ki ·kj 6= 0 ∀ i 6= j (20)
The case of two (N = 2) non co propagating plane wave
external fields, is dealt with first. The techniques developed
to deal with this case will then be extended to multiple non co
propagating fields.
With two external fields, there must be gauge invariance
with respect to both fields independently, so it seems right
to allow two independent rotations, R1, R2 to appear in the
action. The rotation matrices will be applied to a general 4-
vector n12 in order to rotate it onto the 4 momenta of the ex-
ternal fields, k1, k2. A general function f12 of the two scalar
products (k1 ·x, k2 ·x) will also be introduced. So, the pro-
visional family of actions and associated GICMs in the two
external fields can be written,
5S2Fpx = p·x+
2∑
i=1
∫ ki·x
Ωipξ dξ −
∫ n˜12·x
f12(R1ξ˜, R2ξ˜) dξ˜
Π2Fpx = pi12 − n12 f12(k1 ·x, k2 ·x), pi12≡p+σ1+σ2 (21)
σi ≡ ki Ωipx −Aeix, Ωipx ≡
2Aeix ·p−Ae 2ix
2ki ·Π2Fpx
To satisfy the desired properties of the GICM, the 4-vector
n12 should be orthogonal to the 4-momenta of both the
external fields, so that again ∂ ·Π2Fpx = 0. This could be
achieved, for example, by setting the zeroth component of n12
to zero, and the 3-vector part orthogonal to the plane formed
by (~k1,~k2).
A more general 4-vector n12, orthogonal to light like 4-
vectors k1 and k2, can be constructed with the aid of any other
4-vector c. This result is non trivial (n12 6= 0) as long as c is
not a linear combination of the original light like vectors,
n12 = c− k1 k2 ·c+ k2 k1 ·ck1 ·k2 , n12 ·k1 =n12 ·k2 =0 (22)
As in the one external field case, the unknown function f12
is solved for by requiring the GICM to be on-shell,
Π2Fpx = pi12 +n12 f12 (23)[
Π2Fpx
]2
=m2 =⇒ f12 = −n12 · pi12
n 212
±
√[
n12·pi12
n 212
]2
− 2σ1·σ2
n 212
The extra term n12f12 is in effect, a counter term which
cancels the term which couples the two fields σ1 · σ2, in
the square of the GICM. The particular solution for the
quadratic equation in f12 is constrained by the condition that
it must vanish when the two external fields decouple, i.e.
f12 = 0 when σ1 ·σ2 = 0. Since f12 is a function of the gauge
invariant σ1 and σ2, gauge invariance in the family of two
field GICMs is maintained.
Now in the bound Dirac equation solution, only the addi-
tional spinor is required. Since the GICM contains coupled
terms (they are only cancel when the square is taken), matrix
calculus has to be deployed again. It is desireable to have the
extra spinor together with the slashed GICM vanish under the
slashed derivative, as before. That is achievable with,
i/∂x
(
/Π
2F
px exp
[
−
2∑
i=1
∫ k˜i·x
/∆
2F
ipξ˜ dξ˜
])
= 0 (24)
/∆
2F
ipξ˜ ≡
/ki
(
/A
e′
iξ˜
− /n12 2n12 ·Ae
′
iξ˜
)
2ki ·Π2Fpξ˜
Since the additional spinor is a function of the 4-momenta
of both fields, a rotation that converts one into the other is
required. So, the first component of the additional spinor con-
tains a rotationR12 that converts k1 into k2, and vice versa for
the second component,
/∂x
∫ k˜1·x
/∆
2F
1pξ˜(ξ˜, R12ξ˜) dξ˜ = /k1 /∆
2F
1px(k1 ·x, k2 ·x) (25)
/∂x
∫ k˜2·x
/∆
2F
2pξ˜(R21ξ˜, ξ˜) dξ˜ = /k2 /∆
2F
2px(k1 ·x, k2 ·x)
All the items are now in place, and the bound Dirac
and bound Klein Gordon equation solutions in two non co-
directional fields can be written with the same form as in the
one external field case,
φ2Fpx = e
−iS2Fpx , ψ2Fprx =
[
/Π
2F
px +m
]
e
−iS2Fpx −
2∑
i=1
∫ k˜i·x /∆2Fipξ˜ dξ˜
u0r
(26)
To continue to the general case of N non co propagating ex-
ternal field components, only a 4-vector orthogonal to the N
4-momenta, k1, k2, ..., kN is needed. In the case of N=3, the
required vector can be constructed from orthogonal 2-vectors
n12, n13, n23, and general vector c, where c is not a linear com-
bination of k1, k2, k3,
n123 = c− n12 k3 ·ck3 ·n12 − n13
k2 ·c
k2 ·n13 − n23
k1 ·c
k1 ·n23 (27)
To proceed to the orthogonal N-vector (nN ≡ n1..N) the
above construction is simply iterated. The function fN which
provides the decoupling terms appears once again from a
quadratic equation, and contains all coupled gauge invariant
scalar product combinations σi ·σj. The extra spinor is addi-
tively separable under slashed differentiation, and its form is
easily determined. So, the solutions in N non co propagating
fields are,
φNFpx = e
−iSNFpx , ψNFpx =
[
/Π
NF
px +m
]
e
−iSNFpx −
N∑
i=1
∫ k˜i·x /∆NFipξ˜ dξ˜
u0r
ΠNFpx = piN + nNfN, piN = p+
N∑
i=1
σi, σi = kiΩipx −Aeix
fN = −nN · piN
n 2N
±
√[
nN·piN
n 2N
]2
−
N∑
i,j=1,i6=j
2σi · σj
n 2N
(28)
SNFpx = p·x+
N∑
i=1
∫ ki·x
Ωipξ dξ −
∫ n˜N·x
fN(R1ξ˜, .., RN ξ˜) dξ˜
As before, the N rotations R1, .., RN , convert nN to each of
the external field 4-momenta in turn. The form of the general
solutions in an infinite series of non co propagating fields is
notable, in that they are not much more involved than the two
non co propagating fields solution. This offers the prospect
of realistic Furry picture transition probability calculations in
general external fields. For now, in the next section, a specific
case for N = 2 is examined.
VII. SOLUTIONS IN TWO ANTI CO PROPAGATING
FIELDS
Bound Dirac and bound Klein Gordon equation solutions in
two external fields have been attempted by several authors [30,
33]. In the case where the two fields are not co propagating,
Lorentz transformations allow the problem to be considered
in the anti co propagating configuration
Aex = A
e
1x(k1 ·x) +Ae2x(k2 ·x) (29)
k1 ·Ae1x = k2 ·Ae2x = k1 ·Ae2x = k2 ·Ae1x = 0, k1 ·k2 6= 0
6With the ~n12 3-vector being chosen perpendicular to the line
of the counter propagating external field 3-momenta, the ze-
roth component must be zero and a unit magnitude can be
chosen, n12 ≡ (0, ~n12), n212 = −1. There is still an azimuthal
freedom for ~n12 within the plane formed by the two exter-
nal field 3-potentials ~Ae1x, ~A
e
2x. With these specifications, the
GICM of the new solutions is,
Π2Fpx =pi12+n12
[
n12 ·(p -Aex)−
√
[n12 ·(p -Aex)]2 + 2σ1 ·σ2
]
σ1 ·σ2 = k1 ·k2 Ω1px Ω2px +Ae1x ·Ae2x (30)
If the condition for zero transverse canonical momentum
holds, the GICM simplifies further,
Π2Fpx =p+σ1+σ2−n12
√
2σ1 ·σ2, (p -Aepx)⊥=0 (31)
Unlike for a single external field, the family of solutions
in two fields, expressed by the vector n12 and its coefficient
function, f12, does not contain the null f12 = 0 case. That
is, there is no situation when there is not a counter term to
provide decoupling of the two fields within the GICM. With
that in mind, a comparison can be made to the bound Klein
Gordon equation solutions in anti co propagating external
fields studied by [33]. In this earlier work, two subsets of
the anti co propagating configuration were considered, the
dynamics at a magnetic mode and the case of zero transverse
canonical momentum.
[33] used a Volkov ansatz for the initial trial solution, and
the resulting second order Mathieu equation lead to solutions
written in terms of Mathieu characteristic exponents. The
behaviour of the Mathieu exponents is such that the solutions
became unphysical across regions of parameter space. The
only point where the solution remained consistently physical,
was when the field strengths of both fields vanished.
By contrast, the GICM based solutions developed here,
are physical across all parameter ranges. The reason for
the contrasting results compared to those of [33] is that
the ansatz is different. By extending the class of possible
solutions to a family of solutions based on the physical role of
satisfying local gauge invariance, decoupling counter terms
were automatically introduced. So, the solution set for anti co
propagating fields found here, is mutually exclusive to those
of [33], except for the special decoupling limit of vanishing
external field strength.
VIII. CONCLUSION
Particle physics processes in the presence of intense elec-
tromagnetic fields, and the theoretical tools used to describe
them, promise to give us a new way to test, among other
things, the behaviour of the quantum vacuum under extreme
conditions. Often, the experiments that test this strong field
regime, employ intense electromagnetic fields that cannot
be described by a single plane wave. In contrast, many
long standing strong field analyses, including most of the
strong field transition probability calculations, rely on solu-
tions of the bound Dirac equation in just such an external field.
The work performed in this paper, to develop a new class
of exact solutions of the Dirac and Klein Gordon equations in
the presence of external fields, is intended to provide further
theoretical tools for analysis of strong field experiments.
As examples of applications of these new solutions, two
experimental tests can be envisaged.
Two or more intense lasers can be brought to bear on
an interaction region in which strong field processes take
place. In this case, there is clearly the need to account
for non co propagating fields and to explore in detail the
angular dependence as well as the relative laser frequency
and intensity effects on the strong field processes. In fusion
projects which seek to initiate nuclear reactions via implosion
from multiple strong lasers, the analysis here would also be
of benefit.
In any case, very intense lasers are strongly focussed, and
the electromagnetic field at the focal point is anything but
simple. Efforts have been made in the past to account for
such fields in strong field processes, but the full description
has been difficult [26–28]. The work here provides a new
way to tackle this problem by using a Fourier decomposition
into a plane wave series.
Previous theoretical studies have found it difficult to find
a description for one of the simplest multiple plane wave
configurations, that of two anti co propagating fields. Usually,
a Volkov ansatz is used to develop a model solution. Once
inserted in the bound Dirac and Klein Gordon equations,
second order differential equations result which, even in
restricted cases, lead to solutions with analytic functions that
display non physical parameter regions [33].
A different ansatz was employed here, by examining first
the Furry picture Lagrangian and the role played by the
external field in maintaining overall local gauge invariance.
The quantised gauge boson field already absorbs local
gauge transformations of the bound Dirac field, so the
external field contained within the bound Dirac field must
be self invariant with respect to its own gauge transformations.
For a single plane wave external field, the Volkov solution
of the bound Dirac equation provides exactly this gauge
invariance. The relevant quantity, referred to here as the
gauge invariant canonical momentum (GICM) is based on the
action of the fermion in the external field. The GICM, Πpx
consists of the canonical momentum, p−Aex and an additional
term kΩpx which absorbs local gauge transformations of the
external field Aex.
The GICM seems to be a fundamental quantity in strong
field physics interactions. Furry picture transition probabili-
ties are simplified when expressed in terms of the GICM [37].
7Apart from gauge invariance, the GICM also lies on the free
mass shell, Π2px = p
2 = m2 and it’s scalar product with the
space-time derivative vanishes, ∂ ·Πpx = 0.
Under 4-rotations, the GICM retains it’s mathematical
properties and physical role. The set of 4-rotations was
used to construct new families of solutions of the bound
state equations. A mathematical mechanism for providing a
4-rotation was applied in the action of the solution. Using
techniques of matrix calculus from the field of statistical
analysis, scalar products were decomposed into a sum of
basis matrices. Integrals of scalar products were shown to
be equivalent to integrals containing matrix limits, matrix
integrand and matrix measure.
The family of solutions based on rotated GICMs included
solutions for the case of two anti co propagating fields.
Problematic coupled terms were removed with counter terms,
which led to first order equations and relatively simple, exact
solutions of the bound Dirac and Klein Gordon equations.
The methodology proved versatile enough for it to be ex-
tended to the most general case of N non co propagating
external fields.
The new solutions found here, lead on to further work. It is
essential to their purpose to apply these solutions to new cal-
culations of Furry picture transition probabilities in new field
configurations. To that end, the solutions need to be quantised,
and as a prerequisite for that, their orthogonality and com-
pleteness have to be demonstrated. Additionally, spin sums
and external field propagators in N non co propagating fields
have also to be determined, This ongoing work is needed in
order to carry out a general investigation of Furry picture tran-
sition probabilities in non co propagating fields.
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Appendix A: Matrix calculus with rotation matrices
A common operation for solutions of the Dirac equation
in external fields, is the application of the partial derivative
operator on the action such that,
∂
∂xµ
∫ k·x
f(ξ) dξ = kµ f(k ·x) (A1)
A relation that produces the same right hand side as equa-
tion A1 can also be obtained, by rendering quantities into ma-
trices and using matrix calculus. For instance, defining an
integral h that contains matrix limits, integrand and measure
[39, 40], vector components ki, xi, and working first in two
dimensions to illustrate the procedure,
h ≡ [1 1]
∫ [1
0
]
k1x1+
[
0
1
]
k2x2
f [([1 0] + [0 1]) ξ] dξ
∂
∂xi
h = ki f(k1x1 + k2x2), xi ≡ (x1, x2) (A2)
Then, in four dimensions, using four orthogonal basis row
ei and column ei matrices that span the 4D domain of space-
time, and defining a˜notation for the vector decomposition of
scalar product components, ki, xi
k˜ ·x ≡
4∑
i=1
eikixi, ei=

100
0
,
010
0
,
001
0
,
000
1

 (A3)
With the aid of this decomposition, the matrix algebra
equivalent of equation A1, implicitly including the initial unit
row matrix I4 ≡ [1 1 1 1], is
∂
∂xµ
∫ k˜·x
f(ξ˜) dξ˜ = kµ f(k ·x) (A4)
∫ k˜·x
f(ξ˜) dξ˜ ≡ I4
∫ 4∑
i=1
eikixi
f
(
4∑
j=1
ejξ
)
dξ
The advantage of introducing the matrix decomposition in
this form, is that a rotation matrix R that transforms the com-
ponents of one vector into another, say n → k can be intro-
duced,
∂
∂xµ
∫ n˜·x
f(Rξ˜) dξ˜ = nµ f(k ·x), Rξ˜ ≡ I4R ξ˜
Rn˜·x ≡ I4R
∑
i
einixi ≡ k ·x (A5)
Due to the properties of rotation matrices, it is possible to
use the inverse rotation R−1 in a change of integration vari-
able,
∫ n˜·x
f(Rξ˜) dξ˜ ≡ R−1
∫ k˜·x
f(ξ˜) dξ˜ (A6)
RR−1 = 1, Rn˜·x = k ·x, R−1k˜ ·x = n·x
Since the space-time derivative operator can be brought in-
side the matrices, the rotation combined with the change of
integration variable means that the space-time (x) dependence
can be arbitrarily changed,
∂
∂x
∫ n˜·x
f(Rξ˜) dξ˜ = R−1
∂
∂x
∫ k˜·x
f(ξ˜) dξ˜ = n f(k ·x)
(A7)
There is no difficulty in extending these techniques to func-
tions of more than one variable by introducing several rotation
matrices,
∂
∂x
∫ n˜·x
f(R1ξ˜, R2ξ˜, ..) = n f(k1 ·x, k2 ·x, ..) (A8)
8[1] A. Di Piazza, C. Mu¨ller, K.Z. Hatsagortsyan, and C.H. Kei-
tel. Extremely high-intensity laser interactions with fundamen-
tal quantum systems. Rev Mod Phys, 84:1177, 2012.
[2] F. Ehlotzky, K. Krajewska, and J.Z. Kaminski. Fundamental
processes of quantum electrodynamics in laser fields of rela-
tivistic power. Rep Prog Phys, 72:046401, 2009.
[3] A. Hartin. Strong field QED in lepton colliders and elec-
tron/laser interactions. Int J Mod Phys A, 33(13):1830011,
2018.
[4] W.H. Furry. On bound states and scattering in positron theory.
Phys Rev, 81:115, 1951.
[5] Silvan S. Schweber. An introduction to Relativistic Quantum
Field Theory. Harper and Row, New York, 2nd printing edition,
1962.
[6] J.M. Jauch and F. Rohrlich. The Theory of Photons and Elec-
trons. Springer-Verlag, Berlin, 1976.
[7] A. Hartin and G. Moortgat-Pick. High intensity Compton scat-
tering in a strong plane-wave field of general form. EPJ C, C71
1729, 71:1729, 2011.
[8] D.M. Volkov. U¨ber eine Klasse von Lo¨sungen der Diracschen
Gleichung. Zeitschrift fu¨r Physik, 94:250–260, 1935.
[9] N.D. Sengupta. On the solution of the Dirac equation in the
field of two beams of electromagnetic radiation. Z Phys, 200:
13, 1967.
[10] V.G. Bagrov, D.M. Gitman, V.A. Kuchin, and P.M. Lavrov.
Fundamental problems of the electrodynamics of electrons in
the quantized field of a plane wave. i. Russian Physics Journal,
17(12):1709–1712, 1974.
[11] V.G. Bagrov, D.M. Gitman, V.A. Kuchin, and P.M. Lavrov.
Fundamental problems of the electrodynamics of electrons in
the quantized field of a plane wave. II. Russian Physics Jour-
nal, 18(7):909–912, 1975.
[12] R.J. Glauber. Coherent and incoherent states of the radiation
field. Phys Rev, 131(6):2766–2788, 1963.
[13] R. Glauber. The quantum theory of optical coherence. Phys
Rev, 130:2529, 1963.
[14] V.G. Bagrov and D.M. Gitman. Exact solutions of relativistic
wave equations. Kluver Academic Publishers, Dordrecht, 1990.
[15] M. Boca and V. Florescu. Nonlinear Compton scattering with a
laser pulse. Phys Rev A, 80:053403, 2009.
[16] T. Heinzl, D. Seipt, and B. Ka¨mpfer. Beam-shape effects in
nonlinear Compton and Thomson scattering. Phys Rev A, 81:
022125, 2010.
[17] T. Heinzl, Ilderton A., and M. Marklund. Finite size effects
in stimulated laser pair production. Phys Lett B, 692:250–256,
2010.
[18] A. Hartin. Furry picture transition rates in the intense fields
at a lepton collider interaction point. Physics Letters B, 743:
166–171, 2015.
[19] F. Mackenroth and A. Di Piazza. Nonlinear Compton scattering
in ultra-short laser pulses. Phys Rev A, 83:032106, 2011.
[20] F. Mackenroth. Quantum radiation in ultra-intense laser pulses.
Springer Theses, 2014.
[21] D. Seipt and B. Ka¨mpfer. Non-linear Compton scattering of
ultrahigh-intensity laser pulses. Phys Rev A, 83:022101, 2011.
[22] D. Seipt. Strong field QED processes in short laser pulses. PhD
thesis, Technische Universitat Dresden, 2012.
[23] D. Seipt. Volkov states and non-linear Compton scattering in
short and intense laser pulses. In A. Ali, D. Blaschke, A Is-
sadykov, and M. Ivanov, editors, Proceedings of the Helmholtz
International Summer School 2016 (HQ 2016) : Quantum Field
Theory at the Limits : from Strong Fields to Heavy Quarks,
pages 24–43. Verlag Deutsches Elektronen-Synchrotron, 2017.
[24] S. Varro. New exact solutions of the Dirac and KleinGordon
equations of a charged particle propagating in a strong laser
field in an underdense plasma. NIM A, 740:280–283, 2014.
[25] T.C. Adorno, S.P. Gavrilov, and D.M. Gitman. Exactly solvable
cases in QED with t-electric potential steps. Int J Mod Phys A,
32(11):1750105, 2017.
[26] H.S. Perlman, G. Troup, A. Hartin, and P. Derlet. Quantum
electrodynamic processes in laser beams focused by lenses with
f ≤ 1. Aust J Phys, 44:33–7, 1991.
[27] P.M. Derlet, H.S Perlman, and G.J. Troup. Stimulated
bremsstrahlung in a focused laser field. Phys Lett A, 209(3):
165–172, 1995.
[28] C. Harvey, M. Marklund, and M. Holkundkar. Focusing effects
in laser-electron Thomson scattering. Phys Rev Acc and Beams,
19:094701, 2016.
[29] V.A. Lyul’ka. Quantum effects in an intense electromagnetic
field. Sov Phys JETP, 40(5):815, 1975.
[30] M Pardy. Volkov solution for an electron in the two wave fields.
Int J Theor Phys, 45:647–659, 2006.
[31] N.B. Narozhnyi and M.S. Fofanov. Photon emission by an elec-
tron in a collision with a short focused laser pulse. JETP, 83(1):
14–23, 1996.
[32] I. Berson and J. Valdmanis. Electron in the field of two
monochromatic electromagnetic waves. J Math Phys, 14:1481,
1973.
[33] B. King and H. Hu. Classical and quantum dynamics of a
charged scalar particle in a background of two counterpropa-
gating plane waves. Phys Rev D, 94:125010, 2016.
[34] J.W. Goodman. Introduction to Fourier Optics. Roberts and
Company, Englewood, Colorado, 3rd edition, 2005.
[35] P.C. Clemmow. Plane wave spectrum representation of electro-
magnetic fields. Oxford University Press, 1996.
[36] I.R. C¸apog˘lu, A. Taflove, and V. Backman. Computation of
tightly-focused laser beams in the FDTD method. Optics Ex-
press, 21(1):87–101, 2013.
[37] A. Hartin. Fierz relations for Volkov spinors and the simplifi-
cation of Furry picture traces. Phys Rev D, 94:073002, 2016.
[38] V.B. Berestetskii, E.M. Lifshitz, and L.P. Pitaevskii. Quantum
Electrodynamics. Pergamon Press, second edition, 1982.
[39] T. W. Anderson. An introduction to multivariate statistical
analysis. John Wiley and Sons, New York, 2003.
[40] J.E. Gentle. Matrix Algebra: Theory, Computations and Ap-
plications in Statistics. Springer Texts in Statistics. Springer
International Publishing, 2nd edition, 2017.
